The results of Römelsberger for a N = 1 superconformal index counting protected operators, satisfying a BPS condition and which cannot be combined to form long multiplets, are analysed further. The index is expressible in terms of single particle superconformal characters for N = 1 scalar and vector multiplets. For SQCD, involving SU(N c ) gauge groups and appropriate numbers of flavours N f , the formula used to construct the index may be proved to give identical results for theories linked by Seiberg duality using recently proved theorems for q-series elliptic hypergeometric integrals. The discussion is also extended to Kutasov-Schwimmer dual theories in the large N c , N f limit and to dual theories with Sp(N) and SO(N) gauge groups. For the former, a transformation identity for elliptic hypergeometric integrals directly verifies that the index is the same for the electric and magnetic theories. For SO(N) theories the corresponding result may also be obtained from the same basic identity. An expansion of the index to several orders is also obtained in a form where the detailed protected operator content may be read off. Relevant mathematical results are reviewed.
Introduction
A remarkable new insight into the dynamics of supersymmetric quantum field theories was the discovery by Seiberg in the 1990's of dualities analogous to those in soluble two dimensional integrable models [1] , for a textbook discussion see [2] . For a N = 1 gauge theory with gauge group G and a suitable number N f of chiral matter 'quark' fields, belonging the fundamental representation of G and transforming under a flavour symmetry group F , there is a duality between the initial 'electric' theory and an associated 'magnetic' theory with a dual gauge groupG but the same flavour symmetry F . In the dual magnetic theory, besides the appropriate 'quark' fields, the matter fields also include chiral 'mesons' to match with the corresponding electric theory. Both electric and magnetic theories are asymptotically free but they have a common IR fixed point realising a non-trivial interacting N = 1 superconformal theory. As usual in dual theories the strong coupling regime of the electric theory corresponds to the weak coupling regime of the magnetic one, and vice-versa. In the canonical example G = SU (N c ) and F = SU (N f ) × SU (N f ) × U (1) B × U (1) R and with
Each conjectured duality is justified by many non-trivial consistency checks. The original Seiberg dualities have also been extended to different gauge groups [3] and theories with further fields [4, 5, 6] showing the existence of a plethora of superconformal IR fixed points in N = 1 supersymmetric field theories linked by RG flows after introducing mass terms or other relevant perturbations.
More recently the detailed operator content of four dimensional superconformal gauge theories has been intensively investigated. A critical issue is to distinguish between protected operators satisfying a BPS condition and whose scale dimensions ∆ saturate an associated unitarity bound and those operators which are not so constrained with a scale dimension determined by the detailed dynamics. In N = 4 theories the former belong to short or semi-short supermultiplets while the latter form long multiplets with ∆ depending on g the coupling so that they may disappear from the spectrum in the strong coupling limit. Since semi-short multiplets may combine to form long multiplets which gain anomalous dimensions in perturbation theory the counting of protected operators, satisfying BPS constraints, is a not an immediately straightforward issue. In [7] Kinney et al formulated an index for general N superconformal theories such that contributions from any combinations of multiplets forming a long multiplet cancel and hence only protected operators are relevant. The index is then a topological invariant under smooth deformations preserving superconformality and was calculated in [7] to give the same results for N = 4 theories both at weak coupling and also at strong coupling through the AdS/CFT correspondence, see also [8] . The index in various sectors may also be obtained [9] by considering suitable limits of partition functions for counting gauge singlet operators where the relevant char-acters involve the supertrace, or equivalently contain a factor (−1) F , and the limit ensures no long multiplet contribution. These results were applied also in [9] to discuss N = 4 theories with an SU (N ) gauge group in the large N limit.
For N = 1 theories the basic contributions to the index are expressible as SU (2, 1) characters. For such theories Römelsberger [10, 11] also constructed an index which is essentially equivalent to that of [7] in this case. Römelsberger further gave a prescription for determining the index at the non trivial IR fixed points related by Seiberg duality and then showed that there was a very non-trivial matching of the two independent electric and magnetic expressions for the index by considering a series expansion up to a certain order in particular cases. In general to calculate the index it is necessary to identify a supercharge Q, with associated adjoint 1 Q + , such that
so that H has a positive semi-definite spectrum. The index is then formed by the supertrace for states belonging to the kernel of H and so belonging to the cohomology of Q, Q + . The generators commuting with Q, Q + in N = 1 theories are then with R the generator for U (1) R . The index may then be defined by I(t, x) = tr kerH (−1) 4) although this may be extended by further variables related to additional symmetries.
In the prescription of Römelsberger [11] for N = 1 superconformal theories the index is first determined on 'single particle states' giving i(t, x, h, g) = 2t 2 − t(x + x −1 )
(1 − tx)(1 − tx −1 ) χ adj. (g)
(1 − tx)(1 − tx −1 ) , (1.5) 1 The adjoint here is defined, for a space of states formed by local field operators φ acting on |0 , by a scalar product determined by the two point functions for φ. It differs from the usual conjugation so that, for any operator O, O + = U −1 O † U for U † = U , [9] . Thus for the dilation operator H + = H although H † = −H.
which depends also on the symmetry group elements g ∈ G, h ∈ F . In (1.5) the first term represents the contribution for gauge fields belonging to the adjoint representation of G and the sum corresponds to chiral matter fields ϕ i transforming under gauge group representations R G,i , a flavour symmetry representations R F,i , with χ R F ,i (h), χ R G ,i (g) the appropriate characters. The terms proportional to t r i and t 2−r i result from a chiral scalar with R-charge r i and the fermion descendant, with = 1 2 , of the conjugate anti-chiral partner with R-charge −r i . In order to determine the index for all gauge singlet operators, as relevant for confining theories, this is then inserted into the 'plethystic' exponential [12] giving 6) for dµ(g) the G invariant measure. A unitary superconformal representation would require in (1.5) r i ≥ 2 3 with r i = 2 3 corresponding to a free field. In confining theories for chiral scalars belonging to non trivial representations of the gauge group this may be relaxed although it is necessary here that r i + r j ≥ 2 3 if R G,i × R G,j contains the identity representation and there is a corresponding composite gauge singlet ϕ i · ϕ j , unless this operator is coupled to a dynamical field in the superpotential and so is constrained by equations of motion. In general we assume here unitary positive energy representations of SU (2, 1) requiring therefore 0 < r i < 1.
The interpretation of I as a superconformal index requires that the result for (1.6) should have an expansion of the form
where χ 2j+1 are SU (2) characters, and with n q,j,R F integer coefficients which determine the spectrum of protected operators in the N = 1 superconformal theory. Contributions to the sum in (1.7) for different supermultiplets are found in appendix A. Long multiplets are absent but contributions are present for chiral operators when q = r, the R-charge, with sign (−1) 2j but there may also be contributions for other protected operators when q = 2 + 2 + r and for sign −(−1) 2j+2 .
Despite generating formulae for the index which are in impressive agreement for dual superconformal theories the status of the results for the N = 1 superconformal index given by (1.5) and (1.6) is nevertheless not immediately clear, even for theories with no superpotential. Unlike the discussion in [7] for the N = 4 case there is no continuous link between the free case and the strong coupling limit, which is relevant for an IR fixed point, while preserving superconformal symmetry so that the index is well defined. The index formula in the asymptotically free limit gives different results since then r i = 2 3 for all ϕ i .
Nevertheless we explore the consequences of the formulae for the index given by (1.5) and (1.6) in a significant number of examples and verify in many cases that the same result is obtained for both the electric and magnetic theories linked by Seiberg duality and its extensions, and hence develop the tests in [11] further. In general this requires non trivial identities for the group integrals in (1.6) for G and its dualG which are then equivalent to identities for q-hypergeometric elliptic integrals. In some cases the magnetic theory is such that the dual gauge groupG is trivial. The expression for the magnetic index then requires no group integration so that showing the index identity requires the evaluation of the integral defining the index in the electric theory.
A particular example arises for N c = 2, N f = 3, which is perhaps the simplest non trivial case. The electric theory defines a contour integral in one variable while the magnetic theory provides an explicit evaluation. However, verifying this is very non trivial, a special case is related to a result found by Nassrallah and Rahman for an extension of the usual beta integral [13] . A generalisation of the Nassrallah-Rahman theorem by Spiridonov [14] , involving elliptic gamma functions, is shown here to be directly equivalent to the required N c = 2, N f = 3 superconformal index identity. This provides an important clue as to the appropriate mathematical context for showing how the electric and magnetic indices are equal in more general cases. Identities obtained by Rains [15] linking multi-dimensional q-hypergeometric integrals, which reduce to the results of Spiridonov in special cases, are sufficient to prove compatibility of the formulae for indices obtained by applying (1.5) and (1.6) with Seiberg duality in a wide range of cases.
The applicability of these results depends crucially on the detailed form of (1.5) and (1.6). For the chiral matter fields a general term in (1.5) has the form
and then in (1.6)
where Γ(y; p, q) is an elliptic Gamma function and we assume p, q real and 0 ≤ p, q < 1. Furthermore for the gauge field part of (1.5) we may define 10) and then apply
, 11) where the theta function and (p; p) are infinite products defined by
The detailed discussion in this paper is as follows. In section 2 the superconformal transformation properties of N = 1 chiral scalar and vector multiplets are described. For free theories it is shown how expressions for the index are constructed which are in accord with the results (1.5) and (1.6) given above but with the R-charge restricted to its free field value. In section 3, the dual Seiberg and Kutasov-Schwimmer theories, with SU (N c ) gauge groups and SU (N f )×SU (N f ) flavour symmetry, are reviewed and the single particle indices are obtained by applying (1.5). The multi-particle indices for these theories which are given by (1.6) are then shown to agree in a certain large N c , N f limit in section 4. The case of Seiberg duality for (N c , N f ) = (2, 3) is discussed in detail in section 5. Section 6 extends to the general (N c , N f ) case where a theorem due to Rains is shown to demonstrate that the results for the index in the electric and magnetic theories are identical. Section 7 consider dual theories with Sp(2N ) gauge groups. With similar constructions the index is shown to agree for both theories as a consequence of a related theorem. As in section 6 the final result depends on non trivial integral identities. We also discuss in section 8 dual theories with SO(N ) gauge groups where the chiral matter fields belong to the vector representation. The resulting elliptic hypergeometric integrals are similar in form to the previous cases and the required identities can be found by expressing them in terms of the corresponding integrals for the Sp(2N ) and using the associated identity proven by Rains. We also consider an expansion in one simple case and verify that the result is in accord with (1.7) to the order calculated.
Various appendices with miscellaneous mathematical details are included. Appendix A gives a discussion of N = 1 superconformal representation theory and derives expressions for the characters for different representations. The limits which are appropriate for the index and which are relevant for section 2 are also discussed. In appendix B we summarise some general results for group characters which are used in the main text while in appendix C we show how some corrections to the large N limit discussed in section 4 can be calculated. Appendix D describes some properties of the essential elliptic Gamma functions introduced in (1.9) and (1.12). Identities given here are used in appendix E to outline how the single variable elliptic hypergeometric integral, that gives the index in the simple example for the electric theory when N c = 2, N f = 3, may be evaluated in agreement with the result determined by the corresponding magnetic theory. Although a special case, the methods used in this calculation are illustrative of those necessary to obtain more general results.
N = 1 Superconformal Transformations and Chiral Fields
The N = 1 superconformal algebra contains besides the usual supercharges, Q α ,Qα, {Q α ,Qα} = 2P αα , also their conformal partners, S α ,Sα, {Sα, and O must belong only to a (j, 0) spin representation.
For a chiral scalar field ϕ the action of the chiral supercharges Q α , S α is then
where the S action is determined by consistency with the superconformal algebra. Furthermore forQα the algebra also requires
For a chiral ( 1 2 , 0) spinor field λ α we have similarly
with f αβ = f βα , and
For each chiral multiplet there is a corresponding anti-chiral partner obtained by conjugation when (ϕ, ψ α , F ) → (ϕ, ψα, F ), (λ α , f αβ , D, µ α ) → (λα, fαβ, D, µα) and when the R-charges change sign.
For the spinor multiplet, with transformations given by (2.4), (2.5) and their conjugates, we may impose the reality condition
we must then have
and using this to calculate {µ α ,Qα} and {µ α , S β } = 2δ α β εβα{Qα, λβ} it is also necessary for consistency that
The equation for f αβ , fαβ is identical with the abelian Bianchi identity for a field strength F αα,ββ = ε αβ fαβ + εαβ f αβ and the condition r = 1, ensuring f αβ , fαβ and D have vanishing R-charge, shows that no anomalous dimensions are possible with this restriction. The requirement (2.6) of course ensures that the chiral spinor multiplet and its anti-chiral conjugate form the superconformal multiplet for a gauge field.
For the free chiral scalar field we have
as a consequence of the algebra, (2.2), (2.3). For a free spinor multiplet from (2.4), (2.5) 10) which clearly are in accord with (2.8).
For the construction of a superconformal index as described in the introduction we identify in (1.1)
The commuting operators formed from the generators of the superconformal group SU (2, 2|1) and which form the generators of the subgroup SU (2, 1) as in (1.2) are then 12) and since [P α , 13) as in (1.3).
For free fields it is then straightforward to find the results for the index as defined in (1.4). For the chiral scalar and its conjugate then [Q, Q + , ϕ] = 0, {Q, Q + , ψ 2 } = 0 so that the subspace annihilated by Q, Q + , and belonging to the kernel of H, has a basis
where R has eigenvalues ( + n + m, 4 3 + n + m) and 2J 3 (n − m, n − m). Hence evaluating (1.4) on the space spanned by V S gives 
These results correspond to appropriate SU (2, 1) characters as shown in appendix A. If the chiral field ϕ forms a representation space for a representation R S of a internal symmetry group G while its anti-chiral partner belongs to the conjugate representation R S , and the vector multiplet transforms under the self-conjugate representation R V ,then (2.15) and (2.18) can be extended to
where we introduce the variables p = tx, q = tx −1 as in (1.8) and χ G,R S (g), χ G,R S (g) and χ G,R V (g) are corresponding group characters evaluated at g ∈ G. The general expression in (1.5) is an extension to take into account general R-charges for chiral fields.
Indices for Seiberg and Kutasov-Schwimmer Duality
For application to Seiberg duality [1], we first consider the usual N = 1 SQCD electric theory with the overall symmetry group
, where the generator of U (1) B is the baryon number charge and U (1) R is generated by the R-charge and is part of the superconformal group at a fixed point, SU (N f ) × SU (N f ) is the flavour symmetry group while SU (N c ) is the colour gauge group. For such supersymmetric versions of QCD there are two chiral scalar multiplets Q,Q, belonging the fundamental f , anti-fundamentalf representations of SU (N c ), each carrying baryon number, and a vector multiplet V , in the adjoint. The representation content for all fields is detailed in Table 1 , where we have defined 
The characters χ R (g) for g ∈ SU (N c ) and χ R (h) for h ∈ SU (N f ) × SU (N f ) are functions of the complex eigenvalues of g, h for which we adopt the abbreviated notation,
For SU (n) the required characters, as functions of x = (x 1 , . . . , x n ) with
using the notation
Applying (3.3) for SU (N c ) and SU (N f ) the expression given by (1.5) for the single particle index, with v corresponding to U (1) B , becomes
where
For the dual magnetic theory, whereby the overall symmetry group becomes
, we have, again, two fundamental scalar multiplets q,q, a SU (Ñ c ) adjoint vector multipletṼ along with an extra colour singlet scalar multiplet M with representations and R-charges as in Table  2 . The consistency of the choices in Tables 1 and 2 is determined by applying 't Hooft anomaly matching conditions. 
Applying (1.5) the single particle index for the magnetic theory becomes, in a similar fashion to (3.4), but, for characters for SU (Ñ c ), replacing z byz
with r as in (3.5) and the U (1) B assignments requiring
For Kutasov-Schwimmer dual models [5] , the overall symmetry groups are similar to the Seiberg dual theories considered above but there are additional chiral matter fields. In the electric theory there is an extra scalar multiplet X transforming according to the adjoint for SU (N c ). For the dual magnetic theory the SU (Ñ c ) gauge group now has
and there is also an extra SU (Ñ c ) adjoint scalar multipletX along with now k gauge singlet scalar multiplets, M j , j = 1, . . . , k. For k = 1, these examples reduce to the Seiberg dual theories as X,X then decouple. The field content in the electric and magnetic theories are outlined in Tables 3 and 4.  Table 3 : Kutasov-Schwimmer Electric Theory
This time the electric theory single particle index is given by,
where now 
The magnetic theory single particle index involves a sum over contributions corresponding to M j of the form
r+s(j−1) which is easily summed giving
(3.11) with the definitions (3.10) and requiring (3.7) once more. When k = 1, s = 1 2 and (3.9) and (3.11) reduce to (3.4) and (3.6).
There are important differences between the Seiberg dual theories and those described by Kutasov and Schwimmer, except in the special case k = 1 when the operators X,X decouple. In the former case there is no superpotential and so no operator relations to take into account. Requiring the colour singlet operators QQ andto both satisfy the superconformal unitarity bound requires in (3.4) and (3.6) that r, 1 − r ≥ 1 3 which corresponds, using (3.5), to the conformal window 3 2 N c ≤ N f ≤ 3N c . In the KutasovSchwimmer electric theory the corresponding condition for the operator QQ also gives r ≥ 1 3 or with (3.10) N f ≥ 3N c /(k + 1). In the magnetic theory there is no similar restriction forsince the superpotential implies that it satisfies operator relations in this case.
Large N f , N c Limits
We now show that the multi-particle index given by (1.6) with i replaced by i E (p, q, v, y,ỹ, z) with G = SU (N c ) and also by i M (p, q, v, y,ỹ, z) with G = SU (Ñ c ) agree in the large N c limit, requiring N f /N c fixed so thatÑ c is also large. This holds in the general Kutasov-Schwimmer dual theories which includes the Seiberg dualities as a special case.
Each single particle index above, (3.4), (3.6), (3.9) and (3.11), may be expressed in the generic form,
for f, g,ḡ, h functions of appropriate variables t and z = (z 1 , . . . , z N ). Inserting i(t, z) into (1.6), with G = SU (N ), the leading term in the large N expansion may be obtained by extending the methods used in [16] for g =ḡ = 0. An alternative approach following [7] is also discussed subsequently.
The method in [16] relies on the critical observation that power symmetric polynomials are orthogonal up to contributions which disappear in the large N limit. For
n , power symmetric polynomials, which are labelled by a = (a 1 , a 2 , . . .)
These obey the orthogonality relation,
In consequence (4.3) becomes exact for any a, a ′ in the large N limit.
This result may now be used to evaluate
by expanding the exponential 6) so that, applying (4.3), (4.4) in (4.5), the SU (N ) integral gives
where the right hand side is exact so long as (4.3) holds and so (4.7) is valid, up to contributions which are negligible for large N . Using
r+s r
This result gives the leading large N form for I(t) if we assume g,ḡ are both O(N ) and h is O(N 2 ).
Alternatively we can also show how conventional large N techniques give the same result (4.8). For z i = e iθ i the invariant integration over SU (N ) has the form
where we impose i θ i = 0. The basic integral (4.5) then becomes
11) defining for convenienceĥ = h−f . In the large N limit we assume
dxf (θ(x)). In (4.10) the product of dθ i integrals then becomes a functional integral d [θ] . The asymptotic evaluation is obtained by introducing instead of θ(x) a density function ρ(θ) defined in terms of θ(x) by 12) and then defining
we assume 14) normalising to unit group volume. Letting
we obtain
which is a straightforward Gaussian functional integral, assuming 1 − f (t) > 0. The saddle points areρ 17) and it is easy to see that (4.16) reproduces the leading expression shown in (4.8), although it is not so evident that this result is exact for the first few terms in an expansion.
We now apply (4.8) to verify that it gives the same expression for both dual electric and magnetic theories considered in the previous section. Since the Seiberg dual theories are a special case of those considered by Kutasov and Schwimmer we focus on the latter. Comparing (4.1) with (3.9) and (3.11) it is easy to see that f in (4.1) is the same in both cases and that (3.9), (3.11) give
We may then read off from (3.9), comparing with (4.1), 19) and, from (3.11), 20) with the same notation as in (3.10) and also requiring (3.7). From (4.19) and (4.20) we have 21) and hence
Thus (4.8) demonstrates that the large N limit for the index is the same in both dual and electric theories. In this limit there is no dependence on the U (1) B variable v since there is no contribution from baryon operators and this limit is also insensitive to the precise dual gauge groups.
Applying (4.8) in this case then gives for the index
The first few terms in the expansion involving operators of low scale dimension are then
where χ 2 (x) = x + x −1 is a SU (2) character corresponding to operators with j = 1 2 . In the Seiberg case, when s = 1 2 and r is given by (3.5), the results shown in (4.24) are in exact accord with the tables in [11] . The expansion of (4.23) neglects contributions from operators with non-zero baryon charge which first arise at O(t N c r ). In (4.24) the expansion clearly generates integer coefficients, as required in (1.7), to this limited order. Except for the Seiberg case the expression for the index may be expected be modified once constraints on the operator spectrum arising from the superpotential are incorporated.
Index Matching for N = 1 Superconformal SU (2) Gauge Theories with Three Flavours and its Seiberg Dual
For the Seiberg dual theories analytic proofs of the equality of the index between the electric and magnetic theories are possible for general finite N c , N f . These depend crucially on the detailed choice of the dual gauge groups and the assignments of U (1) B charges and provide very non-trivial tests of duality in this case and also of the framework described here for calculating the index in these theories.
As a simple example in this section we discuss in some detail the example of dual theories when (N c , N f ) = (2, 3) . There are various simplifications in this case. Since for N c = 2 there is no distinction between the fundamental representation and its conjugate the flavour symmetry group extends U (1) B × SU (3) × SU (3) → SU (6). In the electric theory Q a = (Q i ,Q i ) forms the six dimensional fundamental representation while in the
forms the 15 dimensional antisymmetric tensor representation T A . The index formulae are then more simply given in terms of SU (6) characters which depend on u = (p q)
where the rescaling is introduced to ensure i E , i M have the form exhibited in (1.8), (1.10). Also in this exampleÑ c = 1 so the magnetic theory at the superconformal fixed point is a free theory. From (3.4), since for N c = 2 we may take z = (z, z −1 ), we then have
with the SU (2) characters
Also from (3.6)
where the character for the antisymmetric tensor representation for SU (n) has the form
For SU (2) the invariant measure becomes
for any analytic f (z) = f (z −1 ). Hence we may express the index for the electric theory by using (1.10) with (1.11)
where for |u a | < 1 the contour may be restricted to the unit circle. With the aid of (1.8) and (1.9) 10) so that, with |u a | < 1, a = 1, . . . 5 and |λ| > pq,
For the magnetic index there is no integration so that (1.9) gives directly 12) where in the last line we have used (5.9) again to write the index in terms ofû.
An identity obtained by Spiridonov [14] shows that (5.7) and (5.12) are identical. This result is discussed in appendix E, but here we consider on the special case for p = 0, which is known in the relevant literature as the Nassrallah-Rahman theorem, and summarise a particular simple proof which may be generalised to show A(p, q,û) = B(p, q,û).
2
When p = 0 (5.7) may be written in the form 13) with definitions in (1.12), where
14)
The Nassrallah-Rahman theorem [13] implies essentially that (5.13) is equal to
If u 5 = 0 the corresponding integral is a well known result first considered by Askey and Wilson, see [17] . A simple proof due to Askey for this result was also extended to the full integral given by (5.13) and (5.15) [18] and involves first finding a q-difference relation satisfied by J (q,û, z), when u a → qu a for a particular a and any z so that it must hold for L(q,û) as well. The essential requirement is that this is also satisfied by R(q,û). The q-difference relation is then shown to allow a proof of the identity L(q,û) = R(q,û) to be derived from that for some suitable special cases forû.
The required q-difference relation is obtained from
16)
2 Even for p = q = 0, and taking also u 6 = 0, the identities are not entirely trivial. In this
This result may be expanded in terms of Schur polynomials as
(s (n,n,0,0,0,0) (u) + s (n−3,n−3,2,2,2,0) (u) − s (n−1,n−2,1,1,1,0) (u)) ,
where we set u 6 = 0 and the three terms contribute for n ≥ 0, 5, 3 respectively. This matches the leading terms in the expansion given in [11] .
and then using the identity 17) to show that J (q,û, z) satisfies
Clearly from (5.13) L(q,û) satisfies the same q-difference relation. Also we have from (5.15) 19) and in this case using the identity, for λ as in (5.10), 20) it is then easy to show that, as well as L(q,û), R(q,û) also satisfies (5.18).
For the special case chosen in [18] ,û 0 = (u, 1, −1, q
using the identity (z; q)(−z; q)(q 1 2 z, q)(−q 1 2 z, q) = (z 2 , q), and it is easy to calculate the contour integral in (5.13) giving
The same result holds from (5.15) for R(q,û 0 ) using (−q; q)(q, q 2 ) = 1. The q-difference
2 ). Analyticity ensures that equality must hold for any u 1 , u 2 and further similar discussion extends this to anyû.
Index Matching for N = 1 Superconformal SU (N c ) Gauge Theories with N f Flavours and its Seiberg Dual
In this section we show how the matching between the multi-particle indices for the general (N c , N f ) case of Seiberg duality boils down to a theorem for the transformations of certain elliptic hypergeometric integrals, due to Rains [15] . The exact results here apply just to the Seiberg dual theories described in section 3.
For the invariant integral over SU (n) of any symmetric function f (x), x = (x 1 , . . . , x n ), we have, equivalent to (4.9),
for T n−1 = S 1 × . . . × S 1 the unit torus and where the Vandermonde determinant is, as usual,
For application here it is convenient to rescale the
where now
and then (3.4) becomes
(6.5) Hence, using (1.9) and (1.11),
6) where we use 1≤i,j≤N c i =j
and adopt the notation Γ(x 1 , . . . , x n ; p, q) = Γ(x 1 ; p, q) · · · Γ(x n ; p, q) . (6.8)
Applying (6.1) for SU (N c ) and (6.6), the expression (1.6) for the electric index becomes
9) which is solely in terms of elliptic gamma functions. The denominator in (6.9) is naturally associated with the root system A N c −1 , which is expressible in terms of orthonormal unit vectors as the N c (N c − 1) roots ±(e i − e j ), 1 ≤ i < j ≤ N c , where we map the root e i − e j to the Γ function depending on z i /z j . For the magnetic dual theory then rewriting (3.6) with the rescaling (6.3) and the definitions (6.4),
Hence following the same route as that leading to (6.9)
The essential requirement is the electric and magnetic theories are identical at the IR superconformal fixed point so that
(6.12)
The integrals appearing in (6.9) and (6.11) are just those considered by Rains [15] . The right hand side of (6.9) for n = N c − 1, m =Ñ c − 1 defines the elliptic hypergeometric integral I (m) A n y;ỹ −1 ; p, q , depending on (m + n + 2)-dimensional vectors y,ỹ. Theorem
of [15] requires
implying then exactly (6.12). Furthermore from [15] 
with Y,Ỹ as in (6.13) . This evaluation of the integral applies when the magnetic gauge group is trivial.
The detailed expressions in both (6.9) and (6.11) depend on the precise details of the dual gauge groups and assignments of U (1) B charges for each theory so this result is a significant test of the details of Seiberg duality for these theories. This is in contrast to the large N f , N c expansions of section 5 where many such details were irrelevant. The proof of the theorem in [15] , see also [19] , relating these integrals is non trivial and does not involve any straightforward transformations between each side, it requires demonstrating the result for particular special cases which are then argued to form a dense set.
Indices for Dual Theories with Sp(2N ) Gauge Group
Duality extends to N = 1 supersymmetric gauge theories with other gauge groups. In this section, we consider a gauge group G = Sp(2N ), with a matter sector consisting of 2N f chiral scalar fields Q, belonging to the 2N dimensional fundamental representation of the gauge group. The corresponding flavour symmetry group F = SU (2N f ) × U (1) R . The vector multiplet V of course belongs to the N (2N + 1) dimensional adjoint representation. The overall representation content is summarised in Table 5 . 
The dual theory is a Sp(2Ñ ) gauge theory again, wherẽ
and with the same flavour symmetry group F . The field content consists of 2N f scalar multiplets q, in the 2Ñ dimensional fundamental representation, a vector multipletṼ , in theÑ (2Ñ + 1) dimensional adjoint representation, and a gauge singlet scalar multiplet M belonging to the antisymmetric tensor representation T A of dimension N f (2N f − 1) [20] . The representation content is as in Table 6 . 
for both Q, q leads to the conformal window 3 2 (N +1) ≤ N f ≤ 3(N +1).
The single particle index in each case, i E (p, q, y, z) and i M (p, q, y,z), may be straightforwardly formed by applying (1.5), using (3.3) and (5.5) for SU (2N f ) characters χ SU(2N f ) (y) with y = (y 1 , . . . , y 2N f ). The required Sp(2N ) and Sp(2Ñ ) characters are obtained from the following results for Sp(2n) in general
(7.2) For invariant integration over Sp(2n) of any symmetric f (x) we also have
Assuming the rescaling
4) the single particle index then becomes
As a consequence of (7.3) the result (1.6) for the electric index is expressible as a multicontour integral
(7.6) Using (1.10), (1.11) and (7.2), we may write, with the notation (6.8),
where the inverse Sp(2N ) measure is generated by
(7.8) Hence (7.5) becomes
9) where the integrand now involves only elliptic gamma functions in a similar manner to (6.9) . In this case the factors in the integrand denominator are associated with the roots for C N , ±e i ± e j , i = j, ±2e i for i, j = 1. . . . N .
For the corresponding magnetic theory the single particle index becomes, using (5.5),
The magnetic index is then
( 7.11) and, in the same fashion as (7.9) was obtained, we now have
Again, happily, the relevant integrals were considered by Rains [15] . The right hand side of (7.9) for n = N, m =Ñ defines the elliptic hypergeometric integral
13) depending on a 2(m + n + 2)-dimensional vector y. Theorem 3.1 of [15] requires
(7.14) This then implies I E (p, q, y) Sp(2N) and I M (p, q, y) Sp(Ñ) in (7.9) and (7.12) are equal. In this case I (m) BC 0 y; p, q = 1. Applying the transformation twice leads to the identity as a consequence of (5.9).
Indices for Dual Theories with SO(N ) Gauge Groups
The original paper on duality [1] , see also [21] , discussed additionally N = 1 theories with orthogonal gauge groups with N f chiral quark fields in the vector representation, so that the flavour symmetry group F = SU (N f ) × U (1) R . The adjoint representation here has dimension 1 2 N (N − 1) . The overall representation content is summarised in Table 7 . Table 7 : Electric SO(N ) Gauge Theory
The dual theory is also a SO(Ñ ) gauge theory, wherẽ (N f + 1) . The representation content is as in Table 8 . 
Imposing r ≥ 1 3 for both Q, q leads to the conformal window
. For characters for SO(N ) it is necessary to distinguish according to whether N is even or odd. For x = (x 1 , . . . , x n ) the relevant results are
and
For invariant integration over SO(N ) of any symmetric f (x) we also have
(8.5)
The single particle indices (1.5) are obtained in a similar fashion as previously
where y has been rescaled so that
The integral formulae for the index are then generated very much as before. The adjoint characters in (8.2) and (8.3) generate contributions which cancel the integration measures in (8.5) by using (7.8) once more. Hence, taking N = 2n and N = 2n + 1,
(8.10) In (8.9) and (8.10) the factors in the integrand denominator may be matched with the roots for D N , ±e i ± e j , i < j, and B N , ±e i ± e j , i < j, ±e j , respectively.
For the corresponding magnetic theory the results are very similar except for contributions involving the meson field M , which are obtained from the last line of (8.7). The results are expressed concisely as
The required identity is then
The relation (8.12) involving B N and D N multi-variable elliptic beta integrals can be reduced to a special case of (7.14) by virtue of an argument due to Rains [22] . It is easy to verify
With the definition (8.9) we may then express the index in terms of I (m) BC n as in (7.13) by
where, noting that Γ((pq)
2 /z j ; p, q) = 1 as a consequence of (5.9), we also define
In a similar vein starting from (8.10) we may also write
The necessary identity to ensure (8.11) and (8.12) then follows from (7.14), taking into account v ′ ∼ √ pq v −1 and the results
We also test the result in the simple case N = 4, N f = 3,Ñ = 3 which involves duality between SO(N ) gauge theories with even and odd N by considering the first few terms in an expansion. As a result of SO(4) = SU (2) × SU (2)/Z 2 and SO(3) = SU (2)/Z 2 we have, letting for SO(4) z 1 = uv, z 2 = u/v and for SO(3) z 1 = w 2 , from (8.5)
SU (2) dµ(u) ,
With p = tx, q = tx −1 the electric single particle index from (8.6) becomes
for y = (y 1 , y 2 , y 3 ) , y 1 y 2 y 3 = t , (8.21) and with χ 2 , χ 3 defined in (5.3). For the magnetic index from (8.7),
(8.22) The required index identity is then from (1.6)
SU (2) dµ(u) exp
It is straightforward to expand (8.23) where we may use χ 2 (u n ) = χ n+1 (u) − χ n−1 (u), χ 3 (u n ) = χ 2n+1 (u) − χ 2n−1 (u) + 1 and apply standard SU (2) tensor product rules to decompose products of χ n into single characters. The SU (2) integrals can then be evaluated using orthonormality of characters or equivalently just by evaluating residues. The index has an expansion 24) where from (8.21) y = O(t 1 3 ). We have checked that both the electric and magnetic contributions to (8.23) are the same up to O(t 4 ) and give the following non zero terms, in terms of SU (3) Schur polynomials s (λ,µ) (y) and SU (2) characters χ 2j+1 (x),
+ t 2 χ 3 (x) 2s (6,0) (y) + 3s (4,2) (y) − 2s (3, 3) (y) − t s (3,0) (y) + t s (2,1) (y) + 2t 2 .
(8.25) These results are sensitive to all terms which are in i E and i M in (8.20) and (8.22) , and therefore provide good support for the required all orders result (8.23) . It is significant to note also that all coefficients are integers in accord with the expectation in (1.7).
Conclusions
This paper has demonstrated that the naive prescription for the superconformal index given by (1.5) and (1.6) and using the standard results for dual N = 1 gauge theories, where the matter content and its R-charges are determined by careful matching of the spectrum of gauge invariant operators and also matching the 't Hooft anomalies, leads to results which are the same in both dual theories. The exact equality of the two expressions for the index has been shown for theories in which there is no superpotential and then depends on very non-trivial q-series type integral identities, only recently proved, which are only valid for the detailed R-charges and gauge groups determined by the consistency conditions for duality. This remarkable correspondence perhaps lends credence to the results for the index described here following on from Römelsberger [11] . The elliptic hypergeometric functions which are generated by the index, and whose non trivial transformation properties are a necessary requirement for duality, are also relevant to other areas such as quantum integrable systems, [23] .
The situation when there is a superpotential, as in the Kutasov-Schwimmer case, is less clear. The operator spectrum is then constrained by equations of motion and the result for the index should be modified. Nevertheless we also verified that the naive formula for the index gave results which agreed in the large N limit and also showed that the leading finite N correction was also consistent. Perhaps physical considerations may suggest novel identities which have not yet been proved. Seiberg duality has been extended to a much wider class of N = 1 theories than those considered in this paper, including theories with exceptional gauge groups [24] .
A remaining issue concerns the precise derivation of the formula for the index provided by applying (1.5) and (1.6). In particular other than in the free case when r = the results for chiral fields given by (1.5) have not been derived in this paper. For interacting theories it is necessary to consider the superconformal algebra in (2.2) and (2.4) with in general F and D non zero. However, letting for instance F →φ n for some n still enforces r = apply for other modifications although the derivatives in (2.3) and (2.5) may be replaced by gauge covariant derivatives by allowing for the algebra to be extended by appropriate gauge transformations. Perhaps further inclusion of internal symmetry transformations is necessary at non trivial superconformal fixed points. This is perhaps suggested by the rescaling of internal symmetry character variables, such as in (6.3), which was a necessary feature of the analysis of the integrals defining the index at the interacting N = 1 superconformal fixed points, at which the duality between electric and magnetic theories that is considered in this paper is fully realised.
Appendix A. N = 1 Superconformal Representation Theory and Characters
Using the notation of [9] , the generators of the N = 1 superconformal group SU (2, 2|1) consist of those for Lorentz transformations M ab , translations P a , special conformal transformations K a , a, b = 1, . . . , 4, dilatations H, which is the Hamiltonian in radial quantisation of conformal theories, the U (1) R R-charge R along with supercharges Q α ,Qα and their superconformal partners S α ,Sα, α,α = 1, 2. In a spinorial basis P αα = (σ a ) αα P a ,
With the notation,
the SU (2, 2|1) algebra is expressible as
. In terms of the usual angular momentum generators we have,
A generic highest weight primary state for this superalgebra |∆, r, j, h.w. , which has conformal dimension ∆, belongs to the spin SU (2) J × SU (2)J representation (j,) and has R-symmetry eigenvalue r, satisfies
The standard hermiticity requirements are
The corresponding Verma module V (∆,r,j,) is then spanned by the states α,α,β,β=1,2 .5) for N αα , N,N , = 0, 1, 2, . . . and n β ,nβ = 0, 1.
When BPS conditions involving different supercharges are imposed there are truncated Verma modules and ∆ is determined in terms of r, j,, although there may also be various other potential constraints on r, j,. For unitary representations the following conditions are relevant, labelled by t,t according to the fraction of the Q,Q supercharges to be omitted from (A.5),
which are referred to as semi-short [25] . The conditions (A.6a) and (A.6b) are equivalent to the descendant statesQ 2 |∆, r, j, h.w. and Q 1 |∆, r, j, h.w. being annihilated byQ 1 ,S 1 and Q 2 , S 2 respectively. Chiral/anti-chiral short multiplets correspond to the BPS conditions t = 1 : ∆ = Only if there are BPS conditions requiring both t,t non zero is r and hence ∆ fixed and the associated supermultiplet is therefore protected.
, Q 2 ,Q 1 are omitted from (A.5), if t,t = 1 then Q α ,Qα are removed respectively. As a consequence of {Q α ,Qα} = 2P αα then for t,t both non zero particular P αα should be removed from (A.5), thus for t =t = The characters for the Verma modules V t,t (∆,r,j,) are expressed in terms of variables s, u, x,x so that in a series expansion of the character the zeroth term is s 2∆ u r x 2jx2 which corresponds to the contribution from the highest weight state. The states in the Verma module in (A.5) correspond to terms with further factors according to P αα → s 2 x ±1x∓1 ,
, where α = 1, 2 correspond to x, x −1 andα = 1, 2 tō x −1 ,x, respectively. For t =t = 0 the Verma module character, which is written as a formal trace, is then
where the factors
arise from the translation generators and supercharges, and also 
where we may note that
For SU (n) the characters, depending on x = (x 1 , . . . , x n ) subject to n i=1 x i = 1, are the well known Schur polynomials,
where we require λ to be ordered so that λ 1 ≥ λ 2 ≥ . . . ≥ λ n , and since, as a consequence of the constraint on i x i , s (λ 1 ,...,λ n ) (x) = s (λ 1 +c,...,λ n +c) (x) we may also impose λ n = 0. In terms of (3.3), χ SU(n),f (x) = s (1,0,...,0) (x), χ SU(n),f (x) = s (1,...,1,0) (x) and χ SU(n),adj. (x) = s (2,1,...,1,0) (x). For the Vandermonde determinant in (6.2),
As a consistency check we may verify orthogonality of Schur polynomials s λ (x), s λ ′ (x), where both λ, λ ′ are ordered, with respect to the measure (6.1)
where the sum is over n! permutations σ, σx j = x j σ , belonging to S n the Weyl group for SU (n). The only non zero term surviving the integration in (B.3) is then for σ = e, the identity, and only when λ = λ ′ .
The Weyl characters for Sp(2n) are also given by the determinantal formula,
For N = 2n the characters for SO(N ) are given bŷ
where λ 1 ≥ λ 2 ≥ . . . ≥ |λ n | ≥ 0 and χ SO(2n),adj. (x) =ŝ (1,1,0,...,0) (x). For N = 2n + 1,
where λ 1 ≥ λ 2 ≥ . . . ≥ λ n ≥ 0 and χ SO(2n+1),adj. (x) =s (1,1,0,...,0) (x).
Appendix C. Finite N Corrections
In section 4 we discussed the leading large N expressions for the index, here we discuss the form of the leading corrections which involve contributions from operators with non zero baryon number. The expansion of the integral defining the index generates power symmetric polynomials p a (z) in z = (z 1 , z 2 , . . .) as defined in (4.2). We follow a method described in [16] We now consider applying these results to the integral (4.5) for the index, where i(t, z) is given by (4.1) but assuming here for simplicity h(t) = f (t) (otherwise there is an additional overall factor as in (4 .7)). Hence the integral becomes
dµ(z) p a+b (z) p a+b (z −1 ) , (C.8) with the definitions (4.4) and also
The integral in (C. (C.13)
Any sub-leading terms for large N may then be extracted from the expression (C.13) for I 1 (t). The first non zero term arises for n = 1 and λ = 0 when (C.13) reduces to
(C.14)
We consider here the application of (C.14) to the Seiberg and Kutasov-Schwimmer dual theories, extending the discussion in section 4. Thus we take N = N c and N =Ñ c and use the leading results for g E (tx, tx −1 , v, y,ỹ),ḡ E (tx, tx −1 , v, y,ỹ), which are proportional to t r , from (4.19) and also g M (tx, tx is absent. In consequence there is no manifest inconsistency between I E and I M beyond the large N limit and so perhaps further evidence for matching of the index for the electric and magnetic dual Kutasov-Schwimmer theories. where, requiring p < |u| < 1, the z-integration is around the unit circle.
Spiridonov [14] evaluated the integral in (E.9) by using rather non trivial identities. We here present a simpler argument. The integrand I 0 (u, z, p) has poles inside the contour |z| = 1 at z = up n , p n+1 /u and outside at z = p −n /u, up −n−1 , for n = 0, 1, 2, . . ., and satisfies, from (D.3), I 0 (pu, z, p) = u 2 I 0 (u, z, p) . (E.10)
If we let u → pu (E.10) would naively imply that a similar relation holds for F (u, p) but under this change the pole at z = p/u moves outside the contour while the one at z = u/p moves inside. Taking into account the contributions of these poles we get
. (E.11)
The form of the integral in (E.9) shows that F (u, p) has poles solely at u 2 = p r for some positive or negative integer r, then (E.11) and analyticity implies that F (u, p) can only have the form given by the result in (E.9).
